
Recap : Parti

AMI :

§ - fcx )

-
cheek for eqlb . prints fcx) -D

- Limearize A-
OX

if A is Hurwitz ⇐> exp stable .

-
Find a Lyapunov function ,

Van > 0 Hats

✓(a) ⇐ 0
and show

•
, *

fat set containing 0a
• 11cm Go 4- ✗ c-D -2 Stable

• icxko Haas-839 AS

• icon < ☐ H✗&o a GAS

+ Vis radially unbranded.



-
LaSalle's invariance principle :

✗a-I → largest invariant set in E-{ ✗ I ☒cxlzo}

•
if ✗ch - o is The only solution that stays inE

→ AS

- Globally eap . stable
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Itai ⇐gym
• globally exp.

stable.

*
Converse is also true

if globally exp . stable a 3 V s - t .

9- D D

- Used to prove stability under vanishing
perturbations .



Input-ovtpvts-gstemsz.ee
→ → y

y
increasing 8 ✗G) - o

- h - stability :

1141kt ✗ ( Hull) -113

with finite-goin :

114th 2- truth-113

- Lyapunov function to show L- stability

thm.5.l-axzfcx.us ,

pfcx.ui-fcx.nl/fH1uUY-hcX,U)Uhcx.usUfhiltHaYiidl
Ill sit.

aunt! has e- GIIXU
'

8¥ foam E-↳ UxÑ

A BEGUM
→ Lp- Stable

with finite -gain



Cnmputingihehsigains :

-

Linear Sys . snwp 11Gcjwsllzthin
. 5.4

- Control - affine Io
'

✗ zfcx) -1 Gary
them. 5.5
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HJ ineq.
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Passivity:

I - fcx.us

yzhcxiu)

- if F storage function
V s -t . ✗a)go

faut •
← HE ÑY ⇒ passive .

ÑkÑY - y%y) ⇒ output
oÉ>☒o

strictly passive weeks

Italy - ileus a input

strictly passive
Wcm>o Hao

is uty - Wcm a ☒trictly passive
-
For memorybossy 's . yzhcus , same def butHizoCDeftDq@Passixe-p.dV -3 Stable

Lemma g. 5£
• (A) strictly passwive → AS

Lenka 6.7
•
(B)
output strictly passive

→ has
+ zero -state Ms NA uses LaSalle .



Lemma 8.5 : output strictly passive with
-

is iy - dayu
'

⇒ La- stable with finite gains f-
A-natwwagtomweh-gmd.mn HF
-

For linear sys, we look at the transfer

function . Gcs)

hemma6-4-s.it
(strictly) positive meal -7 (strictly) passive .

- positive real:

① poles are in LHP

② Rec-0g:o) > o

③ if jw is a pate, then Iim CS-jus ① G) yo
s→jw

8trid-Yp : Gcs.④ is pas . real for some E> 0

Another way to cheek strict pros . real.

2-emma 6.1 : strict pas. real iff

① poles have neg. real part (Hurwitz

② Re cjwi) Do H WEIR③w"→%w'ReCGcjahBgoorGc



- Feedback connection

TX : Hi and Hz are passive -3 FB is passive

Thm.I.it H , is (A) or CBI

and H2 is fffjw gpy
& closed-loop stable

Thm
. 8.2 :( For L2 - stability?
-

• if I
, s eft , - Ellen

? 8,114112

in £ eiyz-Ezuewp-dihh.AZ
if E, ✗8270 and Ezad, 70 .

Then

FB Sys is output strictly passive and

finite
-gain Lz- Stable



Examples
.

① c.msidermemmylesssys.Y-hc.us where

h :1Rm→ IRM is globally hip. with const. L .

Investigate Lp - stability for each
☒ C- [ 1)&] when

a) hens -0

b) her) -10

Solution:

a) his Lip . ⇒ they - has HE LMU-011

-7 11ham 11 Elwell

J
P - • ⇒ NYK

,
- syphilis, 11 k Lsigp

HUAN

- L HURL@ ⇒↳stahk

peels ) → NYHLPP - / 114cmUPdt
Lp - Stable

£ fkPMuwHPdt A
• LP HUN'ip -7114111,o{LMMtp



b) ha)&o → 11ham
- hash £41M

→ 11ham 11 4h11am -1 the 11

p -• → 114112
,
- sup NYAH
t

c- sypfhnuu-ih-llhc.in}
- LAUN↳ ✗ 11ham

→ ↳- stable
bites

PC-G.at -7 14th! - fÑyaNPdt
0

£ f%UUa , Matthau) Pdt ⇒ seems

to be
0

unbounded

even if uzo

Consider Uct) - o -7 Yet) - hco)
&

→ MYKE e f
,

11hamPdt

- *

-7 Mit Lp- Stable for pG[ 1,07



② Consider

'

✗ , - ✗2
"

✗22 - Xi - ✗a - atanh Chi ) -14

y - X ,

where ago .

Show Lp - Stabilising
with finite gain .

Solution : me use thm . 5. I → find Lyapunov tune.

Val - 1¥ + a f¥anhCz)d 2- a 11¥
→ Icn - Cha a tantrum) Az + Aft,- Xz - a tankard

- - X? → Mnt enough for its - Mani
✗I

consider Van = 12Pa XP + Pn Xia -112Pa,Xia aftanhczidz
--

o

tzipx
Pu > ☐

, Pm Paz - P,? so



⇒ ICN - Rux, + atanhexi-Pis.la )X2

a (Pzzxz -1132×1 ) C-Xi - Xz - atanhlth))

- CPi-¥X2

atanhxz-pzzatXX2-phaatanl.ca)

- cha -Psa )Xi - 13211?

→ Pzz -1 to cancel/ atanhchillz

Pzz - lwe want P"-Por - P" > °

} p ,z -2Piz > 0
pm -5

Piz -Pzz > 0

also Pnpzz -Riso
/

→ I - - 2a✗itanhHD - di - 242

E- 1111K → ↳ -1

A
HCN -1g ✗

✗
PX + afgtanhcz)dZ



To show civil.cl/carsczUNf , we use

Xmincp knit XTPX I imaacp) Navid

X, X,
and o f } tanhczsdit 2- fzdz £ £HX÷

O d '
O

tanhcz)£Z

→ mincp)U✗ÑfUcM £ lmaoo)-1¥ )H✗Ñ

a- I

- It is also clear that

lfcx.us - fcx.nl EM
and 1ham I 2-11×11

→ Apply 9hm 5. I

see Example 8.5 for different Lyapunov tuna



see Examples 5.9
, 5.10

③ Consider 6.5

izfoxia gcxiu
yzhex)

suppose T-p.de. function Wcx) s-t .

0¥ fcas s o Ha

%Y- gas = HIM

5hm that the system is

a) passive

b) assume Zeno- state obs . Then , show AS with

output feedback Uz - Ky where Kyo

c) Let u --Kya .
5hm that the

sys is output strictly passive . and

finite- gain ↳- stable .



Solution:

as Take Ican -Was as storage fume.

Then
,

• o¥fc✗,u )

- 0¥ cfcn-igc.nu)

2- If gain - hath
- YTU ⇒ passive!

b) let leaky

⇒ * ⇐ - K """
"

} ⇒ A. s .
and Zero- State ans

c) we-KY all → Ñ I -11114112-1 Ytv • output
strictly
passive.

To show finite ↳ - gain , we can follow

two approaches .



Appiah:

-5T£ - KUYW-iyfve-KHYN-k-IHIF-I.INT
integrate

great, ) -Ttcxon)s-kgftnycs.tl?ls-s-Y-?f?111kss1l2ds
Khail >o t

→ k-zfollycsslidstz-afs.tnksilidsavcxc.it

f-soo
-5 UYHI

, Eighths + ⇐ Kxan
IÉñea✗b
⇒ HYUK £ £114k , aÉÑ
-7 finite-gain ↳- Stahle , gains ¥

see Lemma 6.5



Appiah:
'

✗• fcxl * Gcn C-Khem +v1

- f-CN - KY cashed a of CMV

Using HJ inequality .

- Let 11cal - ✗ Wcx ) , Then, the LHS of HJ inq.

(fat -Kgaincxy-1¥, 8¥ fan gate! 1- mail.ieOh

- ✗ 0¥ fat - ✗k¥gaigÑ÷?¥ :L You goal:L
+12M¥ 8am

'

E (÷, -✗Kat )h E-Gait

In order to satisfy HJ ineq , we must have

2%-2 -2K¥ to , minimize over ✗

- Iz - K⇒ ✗- KO
'
-3 -1T¥ +1g so

→ 83£ → finite . gain with gain>¥



⑧ Consider the FB sys with

His {
% • -Xian

Is - -XP-✗zees
Yi 2×2

Hi:{
% - -Xia

422 1-2×33

show the the FB is La - stable.

with finite- gain !

Solution :

① use HJ ineq to compute ↳- gain

and small gain 8hm

⑨ use passivity and than. 6.2



Let's use passivity

11
, Cx) - ¥-4 a Afg
as Ñ , - XP C-Xix Xz ) + Xz (-43-112+9)

- -Xi - ✗22+4×2

f- Y? -1 Ye, → E- ☐ , d, -1

Hackl -¥11 ⇐ ilaeax? Ex? + e.)
a> 0 e- -9×36+413%2

let a-1g ⇒ iz Ess -1g Xia 's ✗Pea

• -2 Y?a Yzes
↳ Ego , 82-2

→fhmrih.kz- stable with finite gain 4 ¥a,dzT "
ar lemma f. 8



Example 6-7.⑤ Consider FB Sys .

It ,:{
I - fat + game ,

Y , - hcx,
Hz : Ya - Kea

where K> o , e , , easy , , 42 c- IRP

Suppose 3 p.d. function V
,
S -t -

3¥ foxier , 9¥ goal - HIM

show the connection is Lz- Stable .

Solution :

-
Both components are passive

fork : it
,
- 8¥ -1cm a ¥-1 Gate,

I hate, - yie, → E- d, -0
for Hz:

e?y, - Refers - ✗

keiez-d-xk-YIYa-eiyz-dkueiial-I-HYs.tt



for memory less Sys , V2 - o

-s o - ith -8GHz - ✗Knew- ¥11412
ohvibh ✗ c-Can] → Ez- ✗K so

82 - ¥30
→ Apply them 8.2 to conclude ↳ - stability

with finite- gain .




